This article aims to consider a new univariate nonparametric cumulative sum (CUSUM) control chart for small shift of location based on both change-point model and Mann-Whitney statistic. Some comparisons on the performances of the proposed chart with other charts as well as the properties of the test statistic are presented. Simulations indicate that the proposed chart is sensitive in detection of the small mean shifts of the process by a high intensive accumulation of sample information when the underlying variable is completely distribution-free.
Introduction
Statistical process control (SPC) has been applied widely for monitoring various industrial manufacturing processes, service processes and some special behavior processes (see. Wetherill B. et al. [1] , Montgomery [10] ), in which control charts are the most widely used to detect changes in production process. In conventional SPC, the monitored process variable is assumed to be modelled by the normal distribution, and based on such underlying distribution assumption, Shewhart chart, EWMA (exponential weighted moving average) chart and CUSUM (cumulative sum ) chart for variables data, p-chart or c-chart for attributes data, had been proposed (see. Wetherill B. et al. [1] ). It is well recognized however that in many applications the underlying process distribution is not known (e.g. in phase I of SPC) sufficiently to assume normality (or any other parametric distribution), so that statistical properties of commonly used charts, designed to perform best under the assumed distribution, could be highly affected. In situation like this, development and application of control charts that do not depend on any specific parametric distributional assumptions, seem highly desired. There are literatures considering distribution-free charts or nonparametric charts for this purpose, an extensive overview on univariate nonparametric control charts was presented by Chakraborti [3] . While the average charts are probably the most widely used in detection of large mean shift because of their simplicity, CUSUM procedures are quite appropriate in view of the sequential nature of the process problem and more sensitive to small shift in process mean. Based on the within group Wilcoxon signed-rank statistic, Bakir and Reynold [2] proposed a nonparametric CUSUM chart to track the shift of a location parameter µ from an in-control known value µ 0 . McDonald [9] established some nonparametric CUSUM chart for detecting the process mean shifts by using sequential rank test. Using cross-sectional antiranks of the measurement as well as the order information of the sample, Qiu [12] [13] designed some nonparametric multivariate CUSUM control charts for detecting process variability and process mean shifts, respectively. Recently, in the case of having historical in-control data, Zhou et al. [16] established a nonparametric EWMA control chart by using the Mann-Whitney statistic, which performed a lower sensitivity than that of change point charts (see. Hawkins et al. [6] ) having known normal distribution, and a higher sensitivity and robustness than that of change point charts (see. Hawkins et al. [6] ) under non-normal distribution or distribution-free conditions. Chakraborti [4] also proposed a nonparametric average control chart-MW chart based on the Mann-Whitney statistic under condition of available reference sample from the in control process by a phase I analysis, which has a high sensitivity in detection of the large process mean shifts in a completely distribution-free case. Das [5] presented a note on efficiency of nonparametric control chart for monitoring process variability by using the rank-sum statistic of Ansari and Bradley. Yang and Cheng [15] proposed a nonparametric CUSUM mean chart based on the total number of univariate data exceeding the in-control mean which is already known or estimated by the available in control reference sample.
It is well known that the Mann-Whitney statistic is equivalent to the Wilcoxon rank-sum statistic. Though the rank based CUSUM charts have been proposed, there is no report on a nonparametric CUSUM chart based on the Mann-Whitney statistic. In this research, we design such CUSUM chart under the condition of having available in control reference sample like the cases of Zhou et al. [16] , Chakraborti [4] and Yang and Cheng [15] , and a finite sequence of future observations with considering the concept of change-point for detection of small shifts of the process mean (the location parameter). Some performance comparisons with other change point chart and nonparametric charts are considered. The rest of the paper is organized as follow. In Section 2, the concept of change-point and the Mann-Whitney statistic have been recalled. In Section 3, the test statistic of a nonparametric CUSUM chart based on the Mann-Whitney statistic is proposed, and the relevant control limits and control rule are designed. In Section 4, some performance comparisons of the designed chart with other charts are given.
Change-point and the Mann-Whitney statistic
The traditional change-point model can be illustrated as follows. Let {X i , i = 1, 2, · · ·} be a sequence of independent random variables, and
where F stands for a continuous distribution function with unknown types, µ 0 , µ 1 stand for the process mean and σ , then τ is said to be a change-point. Detecting and finding out a change-point for random process is an important issue since with which we can predict properly the potential change in the observed process. The detection of the mean shifts or variance change in process control is similar to the detection of change-point in a process. Like Zhou et al. [16] we also consider a changepoint model based on sequence of finite independent random variables {X i }, where
In the nonparametric data analysis, a sort of change-point detection method is the well-known Mann-Whitney two-sample test (see. Mann and Whitney [8] ), which is applied for inferring whether differences exist between the distributions of two populations through two independent group samples. For any 1 t < l, the Mann-Whitney statistic is defined as
where
, then it is said that the process is in-control state. In this paper, we only consider the variation on the location parameter and let σ It is verified that (see. Mann and Whitney [8] , Zhou et al. [16] ), under in-control state, the expectation and variance of MW t,l can be obtained as
The standardized Mann-Whitney statistic SMW t,l is defined by
Based on the proof of Mann-Whitney (see. Mann and Whitney [8] ), when the process is in-control state, the distribution of SMW t,l is symmetric about zero for each t, and large values of SMW t,l indicate a negative mean shift, whereas small values indicate a positive shift [16] . As explained in Zhou et al. [16] , a test statistic for detection of change-point about the mean (i.e. the hypotheses H 0 :
is proposed by Pettitt [11] as
If T l exceeds some critical value h l , then we conclude that there is a shift in the mean. Otherwise, we conclude that there is no sufficient evidence of a shift. To find a suitable critical values h l , we can use the limiting distribution of T l given by Pettitt [11] to make an approximation.
Note that for each t, SMW t,l can be modeled approximately by standard normal distribution N(0, 1) when l is large.
A nonparametric CUSUM chart
For detecting a small mean shift occurred at the change-point of the process as soon as possible, CUSUM control chart is usually recommended. Assuming that the occurred change-point indicates an upward mean shift, i.e., µ 1 > µ 0 , then at the change-point, the expectation of the Mann-Whitney statistic becomes larger and the sample mean around the change-point might occurs a small upward shift.
In such case, it is hard to find shift quickly by using the statistic T l , because it only depends on the finite individual observations without considering all historical sample information. Therefore, we desire to construct an upper side nonparametric CUSUM control chart based on the standardized Mann-Whitney statistic SMW t,l .
Zhou et al. [16] have done an improvement on statistic T l and proposed the SMW chart, which has a test statistic T m,n = max m t<m+n |SMW t,(m+n) |. Fur-thermore, an EWMA chart has been given based on SMW t,(m+n) , where m is the number of in-control historical individual observations, n is the number of the future observations, and m + n is the number of the total observations. Noting that here the CUSUM chart has not been considered. Though both CUSUM chart and EWMA chart performed quite well in the detection of the small shifts in mean (see. Lucas and Saccucci [7] ), CUSUM chart is usually slightly more sensitive than EWMA chart when the average in control run length become large (see. Srivastava
and Wu [14] ). Under the same condition of the SMW chart, we propose the test statistic for our upper side CUSUM chart as
is the reference value, △ is the shift size to be detected. Here we assume k = . Set
Our control rule is as follow,
(1)After the nth future sample is monitored, compute S max (m, n).
(2)Let h m,n be the decision value, which is chosen to obtain the given in-control average run length. If S max (m, n) h m,n , we conclude that there is no evidence of a shift and continue to monitor the (n + 1)st future sample. If S max (m, n) h m,n , then an out-of-control signal is triggered.
Noting that, in the case of SMW chart (see. Zhou et al. [16] ), we need to calculate the maximum values of SMW t,(m+n) for each t, whereas for our CUSUM chart, we calculate the maximum values of the cumulative sum S j (m, n).
For the given type one error α, the decision value h m,n can be obtained by solving following equations
Due to the intricacy of this conditional probability, it seems to be impossible to solve it analytically. Therefore, similar to [16] , we use one million sequences of length 500 which come from the standard normal distribution to estimate them.
The historical sample size is assumed to be larger than 10. Table 1 Table 1 , h m,n (α) increase initially, but then stabilizes. We can obtain the optimal decision value using such approach of estimation. Compare with the decision values h m,n (α) shown in Table 1 of Zhou et al. [16] for their EWMA chart, the decision values of CUSUM chart seem slightly smaller. Similar to Zhou et al. [16] , it is not difficult to present an illustrative example to introduce the implementation of our proposed CUSUM chart, we omit it here.
The equivalence between the Wilcoxon rank-sum statistic W t,l and the MannWhitney statistic MW t,l is shown with the equality
, where
, and R i denotes the rank of the ith observation x i in the total l observations. We may use this equivalence to reduce the computational complexity of the Mann-Whitney statistic.
A comparison between control charts
In this section, we present a simple performance comparison shown in Table 2 between our CUSUM chart and the change-point chart proposed by Hawkins et al. [6] based on the available data from Zhou et al. [16] . Also we consider some comparisons of the characteristics of our test statistic to other nonparametric CUSUM statistic.
A comparison with change-point chart
In Table 2 , δ denotes the coefficient of standard deviation for measuring the shift size, τ denotes the change-point. We can found that (1) As the increasing of the future observed in-control data, both charts become more sensitive to the shift as the new observation updates the information already Table 1 The decision values h ( m, n)(α) of CUSUM control chart, k = Table 2 The ARL comparisons between CUSUM chart and C-PC (Change-Point Chart)
for N(0,1) data and m=10, α=0.005 known.
(2) For detecting a relatively large shift in mean, the change-point chart proposed
by Hawkins et al. [6] is more sensitive than our CUSUM chart.
(3) Our CUSUM chart is faster than the change-point chart proposed by Hawkins et al. [6] for detecting a small mean shift.
Similar to Zhou et al. [16] , we may make other performance comparisons of our CUSUM chart to other control charts having known underlying distribution, we omit it here.
A comparison with other nonparametric CUSUM charts
In the following, we also mention a rough comparison between our CUSUM chart and other nonparametric CUSUM charts proposed by Bakir and Reynolds [2] ,
McDonald [9] and Yang and Cheng [15] based on the characteristics of the test statistic.
Bakir and Reynolds [2] consider a sequence of observations {x ij , i = 1, 2, · · · ; j = 1, · · · , g}, each of size g = 4 or 5, and define a within group Wilcoxon signed rank sum SR i = g j=1 sign(x ij )R ij for each observation, where R ij denotes the rank of |x ij | in {|x i1 |, · · · , |x ig |}, and based on which they propose their CUSUM statistic
From the structure of the statistic, we are not able to compare it straightforwardly with our CUSUM statistic because the rank in Mann-Whitney is based on the comparison of the total samples, whereas the rank in former statistic is only based on comparison within group sample with its absolute values. If we restrict a sequence of group sample of size g to finite l times observations, then we may view them as a finite sequence of l × g independent random variables, and we may assume the former m variables of the sequence are in-control state, so that we can obtain our standardized Mann-Whitney statistic with a reference in-control data.
Noting that the rank involved in our CUSUM statistic is for total samples and the rank in Bakir and Reynolds 's CUSUM statistic [2] is only the within group signed rank, the sum of the former ranks is obviously larger than the sum of the later ranks. Therefore, for a fixed reference value k and a decision value h, our CUSUM chart is clearly more sensitive than Bakir and Reynolds's chart for small mean shift.
For comparing our CUSUM chart with McDonald's CUSUM chart [9] , we note that their sequential rank R i is defined as R i = 1 + i−1 j=1 I(x j < x i ) for the observation {x i , i = 2, · · ·}, and the CUSUM statistic T j = max{0, T j−1 + U j − k},
. The Mann-Whitney statistic MW i,n can be written as
i = 2, · · · , n − 1. Therefore, MW i,n is obviously larger than R i , which leads to that the cumulative sample information of our CUSUM statistic is more rich than the cumulative sample information of T i . So our CUSUM chart based on MW i,n is more sensitive than the CUSUM chart based on R i proposed by McDonald [9] .
We now consider roughly to compare our CUSUM chart with Yang and Cheng's CUSUM chart [15] . Noting that their chart is based on statistic M t = t j=1 I{x j > µ} for the observations {x i , i = 1, 2, · · ·}, where µ is the in control mean of the process. Obviously, the Mann-Whitney statistic MW i,n implies more information than M t , especially in the case where the unknown in control mean need to be estimated by the available reference in-control samples. They only utilize the average information likex of the available reference in-control samples, whereas in our CUSUM case, the m available reference in control samples are fully utilized with an individually comparison. So our CUSUM chart is also relatively more sensitive than Yang and Cheng's CUSUM chart.
Conclusion remark
The rank based statistical method is an important wellknown nonparametric approach for the case where the distribution of the underlying variable is completely unknown, in which the Mann-Whitney statistic is the popular and powerful one. We establish a sort of nonparametric CUSUM chart based on the standardized Mann-Whitney statistic for the detection of the small location shifts quickly. Comparisons indicate that the proposed CUSUM chart is slightly quicker than the nonparametric charts proposed by Zhou et al. [16] , Bakir and Reynolds [2] , McDonals [9] and Yang and Cheng [15] in the detection of the small mean shifts. However, the computation of our CUSUM statistic is somewhat difficult, we need to solve it with the computer programming. It is also to be pointed out that the nonparametric control charts is rest on the theoretical research only, of which the development of the practical applications is highly desired.
